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37. 


ON THE ROTATION OF A SOLID BODY ROUND A FIXED 
POINT. 


[From the Cambridge and Dublin Mathematical Journal, vol. 1. (1846), pp. 167—173 
and 264—274.] 


THE difficulty of completing elegantly the solution of this problem, in the case 
where no forces act upon the body, arises from the complexity and want of symmetry 
of the ordinary formule for determining the position of one set of rectangular axes 
with respect to another set; in consequence of which it has hitherto been considered 
necessary to make a particular supposition relative to the position of the fixed axes in 
space, viz. that one of them shall be perpendicular to the “invariable plane” of the 
rotating body. But some formule for the above purpose, given also by Euler, are 
entirely free from these objections. Imagine two sets of axes Av, Ay, Az, Aw, Ay, Az, 
The former set can be made to coincide with the second set, by a rotation 0 round a 
certain axis AR, inclined to Az, Ay, Az at angles f, g, h. (As usual f, g, h are the 
angles RAw, RAy, RAz considered as positive, and the rotation is in the same direction 
as a rotation round Az from z towards y.) This axis may be termed the resultant axis, 
and the angle @ the resultant rotation. The formule of Euler express the coefficients 
of the transformation in terms of the resultant rotation and of the position of the 
resultant axis, ie. in terms of 0 and of the angles f, g, h, whose cosines are connected 
by the equation 


cos? f+ cos? g + cos? h = 1. 


This idea was improved upon by M. Rodrigues (Liowv. tom. v. p. 404), who intro- 
duced the quantities 


tant 0 cosf, tan}@cosg, tan4 ð cosh, 


(quantities which will be represented by A, u, v) by means of which he expressed the 


www.rcin.org.pl 


238 ON THE ROTATION OF A SOLID BODY ROUND A FIXED POINT. [37 


coefficients as fractions, the numerators of which are very simple rational functions of 
the second order of X, p, v, and which have the common denominator (1+ )?+p?+>’). 
These quantities may conveniently be termed the “coordinates of the resultant rotation,” 
and the denominator or the square of the secant of the semi-angle of resultant rotation 
will be the “modulus” of the rotation. The elegance of these results led me to apply 
them to the mechanical question, and I gave in the Journal (vol. 111. p. 224), [6], the diffe- 
rential equations of motion obtained in terms of X, p, v: which I integrated as in the 
common theory, by supposing one of the fixed axes to be perpendicular to the invariable 
plane. Though my attention was again called to the subject, by the connexion of some 
of these formule with Sir William Hamilton’s theory of quaternions, no other way of 
performing the integration occurred to me. The grand discovery however of Jacobi, of 
the possibility of reducing to quadratures the two final differential equations of any 
mechanical problem, when the remaining integrals are known, induced me to resume the 
problem, and at least attempt to bring it so far as to obtain a differential equation of 
the first order between two variables only, the multiplier of which could be obtained 
theoretically by Jacobi's discovery. The choice of two new variables to which the equa- 
tions of the problem led me, enabled me to effect this with the greatest simplicity; 
and the differential equation which I finally obtained, turned out to be integrable per 
se, so that the laborious process of finding the multiplier became unnecessary. The new 
variables Q, v have the following geometrical interpretations, Q = k% tan $ 0 cos J, where k 
is the principal moment, 0 as before the angle of resultant rotation, and J is the incli- 
nation of the resultant axis to the perpendicular upon the invariable plane, and 
v=kcos?4J; where, if we imagine a line AQ having the same position relatively to 
the axes in fixed space that the perpendicular upon the invariable plane has to the 
principal axes of the rotating body, then J is the inclination of this line to the above 
perpendicular. To the choice of these variables I was led by the analysis only. It will 
be seen that p, q, r are functions of v only, while A, mw, v contain besides the variable 
Q. In obtaining these relations a singular equation 0?=xv—k* occurs (equation 13), 
which may also be written 1+ tan® $60 cos J —sec?i0cos'$J, in which form the inter- 
pretation of the quantities J, J has just been given. The equation (17), it may be 
remarked, is self-evident: it expresses that the inclination of the resultant axis to the 
normal of the invariable plane, is equal to the inclination of the same axis to the line 
AQ. Now the resultant axis having the same inclination to the axes fixed in space as 
it has to the principal axes, and the line AQ the same inclinations to these fixed axes 
that the normal to the invariable plane has to the principal axes, the truth of the 
proposition becomes manifest. The correspondence in form between the systems (10) 
and (14) is also worth remarking. The final results at which I arrive are, that the 
_ time and the arc whose tangent is Q + k, are each of them expressible as the integrals 
of certain algebraical functions of v. The notation throughout is the same as that made 
use of in the paper already quoted. 


The equations of rotatory motion are 


dp dq dr dX dy dv 
ee aa) Mae tae Geka "ec soosesosttosecocesos vo (1), 
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where 
m AC C)gqr - à K 1 +a dx Y Loud 55 rr I os p) T 
1 
Lis A)rp +4 {(ur—») Sy at ht +) 5 + (ur +2) oh biet (2). 
1 
R-5|4-Brrck (2 Gt Gee em. 
A=${((1 +N) p+ Ou -v prp) 
M-—$dl(u* v) p+(1 THIER Xt a B PV: SERM (3). 
N =3 (v^ — p) pt (uv +r) qt (1 *»)r),j 
[whence also AA + eM + YN =F APH uq vr)... eee .. (3 bis)]. 
In the case where the forces vanish, the first three equations become simply 
e | (B — C) qr, | 
ub. (CB N- pias uie quearis (4), 
R=; c (A — Br, 
and here the usual four integrals of the system are 
TU B. ghisa i itm d ne ees > eee E . (8), 
Ap (1+? — p?—v*) + 2Bg (Aw — v) + 2Cr (vA + 1) =a(L+r2+ p? +7’), ) 
2Ap (Au + v) 4 Bq (1+ ig? — 9 — X) + 2Cr (uy — X) = b (132-32 4 p24 y); boo. (6), 
24p (9A — p) + 3Bg (ur +2) + Cr (1:89 — p) = 0 Q0 t) ) 
oras they may also be written, 
a (1 +A — p) - 2b 4 v) 2e (X — |) 2 Ap (1 +r? + pw? +r’), 
2a (Ap — v) t b(1 +p? — 9 — A) + 2e (uv +r) = Bq (1-2 + uà v2), y ...... (6 bis) ; 
2a (vX +m) + 2b (uy — X) 4- e (1 c»? — A? — p) — Cr (1 EM y») 
to which we may add, 
AR DA EN A ea Ludo eos «iba» e rats (7); 
where ee PL. LR Lir PPM Iu (8). 


Introducing the quantities «, Q, (the former of which has been already made 
of) given by the equations 


r= 1+8+p +r, | 
N p [omen (9). 
=rAp + uBq + vCr, 
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The equations (6) may be written under the form 
2AQ + 2uCr —2vBq =x (Ap + a) — 2Ap, 
— 2ACr -- 240 + 2vAp=« (Bq +b)—2Bq,> onen. (10), 
Bq —2uAp+20Q =x (Cr + c) 20r J 


whence also, multiplying by Ap, Bq, Cr, and adding, 


2€? = « (I? + (Apa + Bqb + Cro) — 289. .............. AUN EE (11), 
or writing 
Pr (Apa 4- Bab + Oro) 2v... iaeei a n R (12), 
this becomes 
(ek Poco c Sep na cs sc UNHAPPY o nd! (13) ; 


an equation, the geometrical interpretation of which has already been given. 


From the equations (10) we deduce the inverse system 
aQ — bCr -- cBq = 24v — O Ap, 
aCr +bQ —cAp-2yv — QBq, V... eese esses (14), 
—aBqg+bAp+cQ =2vv — QCr , j 
which are easily verified by multiplying by Q, Cr, — Bq; or by — Cr, Q, Ap; or Bg, — Ap, Q: 
adding and reducing, by which means the equations (10) are re-obtained. Hence also 
if for shortness 


caf UM SN \ vie. ing, det (15), 
V — aqr (B—C)+brp(C— A) + epq (A — B), 
we have, multiplying by p, q, r, and adding, 
Qd — V 22v (Ap + uq + vr) - Qh...... esee (16). 
To these may be added the equation 
O =a pbp F ev 1. 117.96. OD. POR (17), 


which follows immediately from either of the systems (10) or (14). 
We may also put the equations (10) under this other form, 
2X0 —2uc + 2vb = «(Ap +a) — 2a, \ 
2Ac +240, —2va = x (Bq +b) — 2b, | bbs 3i nd (10 bis). 
— 2XAb --2ya +200 = «(Cr -- c) — 2c, ) 
It may be remarked now, that p, q, r are functions of v; since we have to deter 
mine these quantities, the three equations 
Ap + Bg +0r =h, ) 
Ap + Bg + Cr — p, | erha Lun (18). 


Apa + Bqb + Cre = 2v — k, ) 
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Also A, u, v are given by the equations (14) as functions of p, q, r, Q, i.e. of v, Q; 
so that every thing is prepared for the investigation of the differential equation between 
v, Q. To find this we have immediately 


dv = 1 (Aadp + Bbdq + Cedr) =4 Vdt............. ss (19) 


from the equations (4) and (15) V is of course to be considered as a given function 
of v. Again, 


Pe d CIE) iouis evn say es enhn nie Rp S (20), 
where dec = 2 (NAA pdp + Vy) ......................... (21); 
or from the equations (1), (3), [and (3 bis)], 
(ecu Con -- YE deese E nitro rmt (22). 
Hence, from (16), 
Dod &TCEUS 3-0) — VI dE... nre (23); 
or 2 (ud + edv) = KO, (h -- D) di............................- (24), 
whence dQ =} x (h+ &) dt, 
e SUN bab EN PM: (25), 
and therefore, from (19), 
22 h+® 
Oye ww 7 A ERS eye yr WAS Maelo Ze (26), 


the required differential equation, in which ®, V are given functions of v, ie. they are 
functions of p, g, r by the equations (15), and these quantities are functions of v by 
(18). The variables in (26) are therefore separated, and we have the integral equation 


ACE (h + 5) dv 
2 tan™ g —8-k| Wm eee (21), 


where 8 is the constant of integration. The equation (19) gives also 


and thus the solution of the problem is completely effected. The integrals may be taken 
from any particular value v, of v. The variable Q may be exhibited as the integral of 
an explicit algebraical function, by recurring to the variable $ of the paper quoted. 


Thus if 
Ap? + Bq? + Cr? =h, 
Ap? 4 Bq? + Or? = k, 
Apa + Barb + Orc = 2v, — k? ; 
C 91 
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then the values of p, q, r are respectively 


VI -30-59. Af le-34-0sb. V ir-50-28l. 


where 


and then 


od (h -- ap + bq + er) do 
^ tan” ko 20 + tl ara ce t Crc)pqr ' 


in which form it is exactly analogous to the equation there obtained, p. 230, [6, p. 34] 


av [Qr kr)dé 
4 tan?! » = (kk Or) par: 


On the Variation of the Constants, when the body is acted upon by Forces. 


The dynamical equations of a problem being expressed in the form 


eee es CO 


suppose the equations obtained from these by neglecting the function V, are integrated; 
each of the six integrals may be expressed in the form 


a =f (A, BK, V, rv, K, v, t), 
where a denotes any one of the arbitrary constants. Assume 


UN NE S 


di. T a de 


then X, w, v may be expressed in terms of A, w, v, u, v, w, and the integrals may be 
reduced to the form 


a= F (X, p, v, u, v, w, t). 


These equations may be considered as the integrals of the proposed system, taking 
into account the terms involving V, provided the constants [say a, b, c, d, e, f] be sup- 
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posed to become variable. We have, in this case, by Lagrange’s theory of the variation 
of the arbitrary constants, the formule 


d dV dV dV dV aV 
= (a, but Qe 0) G+ (ad) Ga + (a €) (Qf) df 
where 


du dX dà du 


dv du dy dv 


TM be db da E) (= db da a s : = Z) | 


and in which V is supposed to be expressed as a function of a, b, c, d, e, f, t. 


Thus the solution of the problem requires the calculation of thirty coefficients (a, b), 
or rather of fifteen only, since evidently (a, b)=—(b, a) It is known that these coeffi- 
cients are functions of a, b, c, d, e, f, without ¢; so that, in calculating them, any assumed 
arbitrary value, e.g. £— 0, may be given to the time. 


In practice, it often happens that one of the arbitrary constants, e.g. a, may be 
expressed in the form 
a — F (X, p, v, u, v, w, t, b, c, d, e, f), 
where b, c, d, e, f are given functions of A, p, v, u, v, w, t. In this case, it is easily 
seen that we may write 


(a, 0) = (a, D) (e, D) 5 GHOD qe 0 T 


where, in the calculation of {(a, b)}, the differentiations upon a are performed without 
taking into account the variability of b, c...... 


In the particular problem in question, the following are the values of the new 
variables u, v, w (Math. Journal, memoir already quoted, [6]), 


uat (Ap vB] 4 A00, see (29), 
2 

vm vAp+ Bq-— Cr), 
2 

w=- (— pAp t Bg + Cr) ; 


equations which may also be expressed in the form 
24p—(1-X)u-c(Xv)vct(vX—p)w ..... eee (30), 
2Bq — Qui — v) u + (1 jp?) v t (uv t X) v, 
2Cr — (và + p) u + (uy — X) v - (1 +H) w, 


or putting for shortness 
ME BO H- 1AU HW oo... eee A enn nnne (31), 
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these become 2A P= Ww HU t — My. ..... eee cede ee nenne (82). 
2Bq=po — vu+ v4 Nw, 
2Cr = ve + pu— w+ w, 

whence also ; 


28 = NT eh VU -- e: aeir e eT (34), 
2b=pa+vu+ v—Xw, 
2c = va —put+rAv+ w, 


whence also 
2 (8. + bi- terjer od stipes leen do ita da (35), 


which in fact follows from (33) and (17). And likewise the inverse system, 


MELOS L ME (36). 
2 
v—c(-vact b 4- Ac), 


w == ( pales 


It is easy to deduce 
Khe [ut tet wit] .522230.-R (37), 


v= F[(wrt vert w)t (L4H) w] 6322532... (38). 
Again, from the equations (10 bis), 
& (bOr = eBq) = — 2X (a? + b? + c?) + 2a (Xa + ub + vc) + 2 (by — eu) Q 
= — 2X? + 2 (a + bv — eg) Q 
=— 2+ «uO; 


and, forming also the similar expressions for «(cAp—aCr), and «(aBg—bAp), we thus 
obtain 


uis : joe en p 0... UU NE 1s (89), 
2 
Qv — : k?p = cAp — bCr, 


Qw —? ky - aBq - cAp; 
to which many others might probably be joined. 


The constants of the problem are a, b, c, h, e, 8. Of these a, b, c are given as 
functions of X, u, v, u, v, w, by the equations (84); in which w is to be considered as 
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standing for Au + wv -+vw. {These determine k*, which is however given immediately by 
(37).} As for h, we have 


ho 4 Apy y (Bay (Cr, 


where Ap, Bg, Cr are given as functions of A, p, v, u, v, w by (32), in which also œ 
stands for Aw+pv+vw. Again, 

dv 

Y 


à- 2 tana o7 r pfs, 


in each of which V, ® are functions of v, and of a, b, c, h, partly as entering explicitly 
into these functions, partly as contained implicitly in p, q, r, which enter into V, ®, and 
are functions of v, h, k given by (18). After the integration v is to be considered. a 
function of X, p, v, uù, v, w given by (38). Both of the integrals may be supposed taken 
from & certain value v, of v, which may be considered as an absolutely invariable arbi- 
trary constant, since without it we have the right number, six, of arbitrary constants. 


e=t—4 


First to find (a, b), (b, c), and (c, a). From (34) we have 
(a, b)=}{ (1-cX)(uu— w)—(Qu 9) Ou v) 
T Qus —v ) (uo + 9) (w +w)( 1 +p?) 
+ (vr + p) ( u + uw) — (Aw— v) (uv — X) 
—l(uu—Xv—w-—vs)-—12c——oc; 
whence the system 
(b, c)=—a, (c,a)=—b, (a, b) -—c 


Also we may add (k, a) =} (a, a) + : (b, a) +76 a)=0, 


or 


(kaa R D O EE | re (41), 
which will be useful in calculating some of the following coefficients. 
Proceeding to calculate (a, h), (b, 4), (c, A). It is seen immediately that 
(a, h)=2 (p (a, Ap) +q (a, Bg) +r (a, Cry}, 
where Ap, Bg, Or, are given by the equations (32), so that 
(a, Ap)=4{ (1 +A*)(Aw+ wo) —(1 +x) (u+ w) 
+(Ap—v) (Av — w)— (Xv) (Av + w) 
++p) ( v 4-Xw) — (VA — p) (— v -w))) 


Le, PE) a Apte c. soeurs. ai RB eei sc MC E MCN DE (42). 
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Similarly (a Bg)=4{ (1 +2) (pu +w) —(Aut 9) Qu — v) 


+ (Ap—v) (wo +a)—(Av+ w)(1 +p") 
+ (X +m) (uw — u) — (~v +Aw) (uv. +2)} 


Le. DWG MENSAS e a NS RM ort Monster em eene (43), 
and similarly (a, Cr) 20; | 
whence (a, À )-0, and therefote: (by 4) 20, (e A)0 uere (44) 
also S AN. Suri iv LEO MEET DE (45). 


Next we have to determine (a, e) (b, e), (c, e) Here e being a function of 
u, V, W, X, h, v, a, b, c, h, we must write 


@ d= dta b) 8 (a, E+, mF, 


ie. (a, e) = {(a, 9] 4 b FoF. 
But =1-2/%; and th hers 
u e=t—2/—; an ence {(a, J=- g (a v), 


and v is given immediately as a function of X, m, v, u, v, w, by the equation (38). 
Hence 
(a, ) - 3[. (1 -X)((1 &) us t Xe] —-( Aut e) (u +A (1 r)a) 
Qu — v) (1 k) vs t us?) — (Xo - w)(v t & (0 + e)a) 
+o + p) ((1-- v) we -- ve?) — (— v -Xw) tw +v (1 + €) of] 
=f{ + e) ou-A1+«) w+ X« — X (W + 0? + w?) — us] 


= 4 {eum — Xe? — X (u? + v? + w*)} 


kr 2hr 
=f euw — u =} (Qu -=*) {by (37) and (33)], 
Se aa) ULTXBENWLDSENEZUSMCA.SEUS sie E (46) ; 
whence {(a, )) 2 — Š (bCr — cBq), 
1 d d 
(à ) =-5 (bOr—cBg) +b 7. -eE 


The terms b e ios are evidently of the form F'(v)— F (v). 


If therefore we suppose v =v, we have 


(a, )--g. C WAP EV E PENA i 2d (47), 
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if py, Qos To, Vo refer to the value v, of v, ie. if 
dn ee eee a Peery) | eee (48), 
A*p? + B'q? + Cr =k, 
Apa + Bob + Cree = 2v — kh. 
{This implies evidently 


de d 
b em ae (bOr — cBg) - y, (bOr, - eBay), 


an equation which it is EE to verify. In fact, from the value of e 


bom s -2 fav (b= - ed) v = 2]av (v ^ cem); 


or we have to show that 


dl dV dV 2 
d; v (Or - cB) =$; (b p -e 5) "EE 


if for shortness 


Now V containing 8, b, c explicitly, and also as involved in p, q,,r, we have 


ôV = bpg (A — B) — erp (C — 4) qr Op Mq nay Sr =bpq (A — B) — erp(C— A) - &'V 


Suppose. The equation to be verified becomes 


(vof - eR $f) - bOr — cB) © = 2 {bpq (A — B) — erp (0 — A) + è Y}. 


Now, observing that ôk= 0, we have 
A pip + B q8q +0 rir =0, 
Apdp + Bqdq + C?rór = 0, 


A adp+ B bàq + C côr = — (bOr — cBq). 
Also, 


dq dr 
^ Ot 


dq dr 
dy * Cra 


A a SP y pb E go T- 2. 
dv dv 


A p*P 4 p 61 


d 
Ap E + Iq St 
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whence evidently 


do bOr Gig Yi RE RM da a op A 
dV Sul a: ma | 


or 


dv" bOr—cBy’ T! 
or the equation to be verified is simply 


d d / Y 
v (bog. — eB ge) - 2 fpg (4 - B) - erp (0 4); 


which follows immediately from the three equations just given for the determination of 
dp dq dr 


i? et a 


From these values also 


Next, to calculate (h, €), 
de de de 
(h, €) 3 {(h, e)) +(h, a) dem (h, b) 75 T (h, c) de ; 


but the three last terms being evidently such as to vanish for v=u,, we may neglect 
them, and consider (h, e) as the value which ((h, e)} assumes for this value of v. 


Now {(h, €)} = 2p ((Ap, 9) 4-29 {(Bg, €] * 2r (Cr, ©}, 
where (Ap, e) = se (Ap, v), 


and 
(Ap, v)=}$[ (14%) {1 + «) uw + Aw} — Aut wv) íu - X (1 4+ €) a} 
+ Qui. v) (1+ «) ve + po} — (Av — w) (v +p (1 + &) vj 
+ (vA — pw) ((1 + «) we + vo} — ( v + Aw) (tw +v (1 4+ x) wj] 


=} (1 + X) eu 4- Xem? — X (1 4- «) o — X (wu? + v? + wu?) — cu} = (a, v) 


15 2m skra e nune tana E o ARE codec ae n (80), 


whence {(Ap, e)} 2 — E (BOR EGBO iaar Ja iamo a N (51), 
and therefore ((Bg, )) 2 — 4 (cAp—aCr), 


(Cr, 9) == (aBq — b4p), 
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whence {(h, 9] =— 
and therefore 

"ONU T dai STETIT OQ D OIL (52). 


Next, to find (a, 8), (b, 8), (c, 8), (h, è), 
2l _ KẸ p [+9 du 
6 = 2 tan 2r ep : 


= 6’+ 8” suppose, 
(a, 8) =(a, 9") - (a, 8”), 


nc M ds’ 
(a, ò) = — (a Ku) + (a, k) dk’ 
(observing Kas + Ak? = 4 (Q + E?) = 4v] 
k 
m (a, Ka), 


where 
(à, cw) -$ (. (1 +2) (ev + 2x9) — (u+ m) Kr 


t Qu — v») (Kv + 2uc) —( Xv + w) kp. 
+ +h) (ew + 2v;s ) — (—v + Aw) kv } 


= $ x (u+ Nw) = Ap—vBq + pOr +Q — 4$ (a + Ap) « ............ (53), 
by equations (29), (33), and (10) ; 
that, is (a, 8) = 4 (a+ Ap). 


h+@ 


Also (a, &’)=—k (a, v) + (a, b) = + &c. 
Ba uic (bOr — cBq) + Fu — Fu, 


Whence 
(a, 8)=£ fat Ap- REP bOr — cBq)} + Fu — Fo, 


? putting v= wv, 
h+®, 
(a, D= (a + Ap — 3 ° bOr, — cBgr)} .......- o BAR 


h E (cA p, — a'r}, 


and therefore also (b, 8) = te fb + Bao — 


k h+®, 
(e, 8) = 8, {e+ Cr, — v, (aBq, — b.Ap;)]. 


32 
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Again, ( h, 8)=2p(Ap, 9) +2q (Bg, 8) + 2r (Cr, 8), 
(Ap, 8)=(Ap, 9) + (Ap, 8”), 


k ds’ 
(Ap, 9) = = (Ap, na) + (Ap, k) dk 
k 
—— pe (Ap, KT), 


(Ap, rœ)=4{ (1 +2) (cut 2rw)— (Xu + @) Kr 
+ (A - v ) (kv 4-299) — (Av — w) kp 
+O +p) (rwt 2v) - (v x) ev } 


=A c(t Nar) Fw (BF ADP) 0... .ceecscsecorceessesevoverscevees (55); 
therefore (Ap, 8) — = (a d Ma Lied gea bones C YRENUEP UID oss jara NN (56), 
(Ap, 8") 2 — rtt? ap, v) + &c. 
=—tk ale (bOr — cBq) + Fu — Fu, 
(Ap, 8) = Ë fa — Ap E2 (bOr —eBq)} + Fu - Fu, 


and similarly for (Bg, 8), (Cr, 8). Substituting, and neglecting the terms which vanish 
for v= uy 


(h, à - (@+h-2 St" v). 


ie. TIENS BM tied URI E Ld lee SES UR" DILE SEC. (87). 
Lastly, to find (e, 8), i 
(e 8) - ((e, Dte $25 Qo 8) 25 (o, 977, 


where, in í(e, 8)], the differentiations upon e are supposed not to affect the constants 
a, b, c. Neglecting the terms which vanish for v=w, 


(s 8) ={(6 9). 
le 8)}= [fe 8) (e, 8^], 
Ke J= +e 0 25 — (le, 3)]1; 

where, in [{(e, 8)}], the differentiations upon e and 8 do not affect the constants. 
Ke 8^] - Lie, 3^11- (6 a) Ge +h 

ie. Ke 8^) - [le 8^1): 
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neglecting the terms which vanish for v= w, 


therefore (e, 9) 2 [((e 9))] +(e 9] 
=[{( 82]]; 
since [Ke 8]] 2 (v, nF D - 0. 
Hence (e, 9)2—4 T" BEN Eae Pen eo HARI a 


(v xv) - à (. {u - (1 &) Xe] (2X + iu) — (Xe? + (1 +4) wi} Kr 
+ {v + c) uw} (Qua + kv) — ( 
t {w+(1+«)v oa} (2væ -- &w) — (ve? + (1-- «) ew] xv 
=} (29? +e (W Ev? + w?) -2 (1+ &) (e — 1) e? +« (1 x) v? 
=k (r — 1) s? — (r+ 1) a} 
—4«((-- 1)e*-- (WHE +w), 2 $ 4«v = Reu occ 


pia? +(1+«) ev] ep 


therefore 


Hence, recapitulating, 
(b, c) =—a, (e, a) 2 — b, (a, b)=—c, ) 
(a, h) 20, (b,h)=0, (e, h)-0, 


1 
(a, €) = V (bCr, T cBq), 


1 
(b, «-) =— 7, (cAp, —aCr,), 


(e, e)=— y. (aBq, — bAp,), 
(h, e) 2 — 2, 


(a, 8) -5- a+ Ap - LEA 


en cBq)} , 


2 
(b, ô) = E a; » 8 Bq,— E (cApy = aCr,)} , 


(s 3 i (o-- 0n - t iq P (aBq, — bp), | 
(h, 8) — 0, | 
(e, ò) HEX A | 
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and therefore 


dé. HE. OM VA dV k h 4- d dV 
^ raid HE ^ y, (bn — eBay) Ge + a, AP y, (bOn- eB) 5s, 
UON E LM dV k h 4 dV 
* baies" ia da V, CAP — an) Je + gy, b+ Bg - (Ap — 200)] 55 , 
de aV AV aa dV k h+ eb dV 
aba tea — y, G Ba — b4p) = +3, fe + y= NOT * (aBq, —bAp,)) d$' 
d. aY 
dt de’ 
de 1 ^ dV dV dV dV k dV 
d = g- (0n eBq) Ta + (cÁp — aBgo) = + (aBg—bap) 207 — 2 OT, 
dé k h 4-0 
wana | 8+ Am He por- epo T" 

+ {b+ Bg, — h e (cA p, —aCr,)} = 


h+® 
+ {e+ Or, - 5 (aBg, —bAp,)} z] Ms 


to which we may join 


We have thus the complete system of formule. 
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(62), 


